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On Neumann and Poincare problems
for Laplace equation
Vladimir Ryazanov
Abstract - It is proved the existence of nonclassical solutions of the Neu-
mann problem for the harmonic functions in the Jordan rectifiable domains
with arbitrary measurable boundary distributions of normal derivatives.
The same is stated for a special case of the Poincare problem on directional
derivatives. Moreover, it is shown that the spaces of the found solutions
have the infinite dimension.
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1 Introduction
It is well–known that the Neumann problem has no classical solutions gen-
erally speaking even for some continuous boundary data. The main goal of
this short note is to show that the problem has nonclassical solutions for ar-
bitrary measurable data. The result is based on a reduction of this problem
to the Hilbert (Riemann-Hilbert) boundary value problem recently solved
for arbitrary measurable coefficients and for arbitrary measurable boundary
data in [1], see also [2] on the Dirichlet problem.
Let us start from a more general problem on directional derivatives
in the unit disk D = {z ∈ C : |z| < 1}, z = x + iy. The classic setting of
the latter problem is to find a function u : D→ R that is twice continuously
differentiable, admits a continuous extension to the boundary of D together
with its first partial derivatives, satisfies the Laplace equation
∆u :=
∂2u
∂x2
+
∂2u
∂y2
= 0 ∀ z ∈ D (1)
and the boundary condition with a prescribed continuous date ϕ : ∂D→ R:
∂u
∂ν
= ϕ(ζ) ∀ ζ ∈ ∂D (2)
1
2where ∂u
∂ν
denotes the derivative of u at ζ in a direction ν = ν(ζ), |ν(ζ)| = 1:
∂u
∂ν
:= lim
t→0
u(ζ + t · ν)− u(ζ)
t
. (3)
The Neumann problem is a special case of the above problem on
directional derivatives with the boundary condition
∂u
∂n
= ϕ(ζ) ∀ ζ ∈ ∂D (4)
where n denotes the unit interior normal to ∂D at the point ζ.
In turn, the above problem on directional derivatives is a special case of
the Poincare problem with the boundary condition
a · u + b ·
∂u
∂ν
= ϕ(ζ) ∀ ζ ∈ ∂D (5)
where a = a(ζ) and b = b(ζ) are real-valued functions given on ∂D.
Recall also that twice continuously differentiable solutions of the Laplace
equation are called harmonic functions. As well known, such functions
are infinitely differentiable.
2 On nonclassical solutions of boundary problems
Let us start from the more general problem on directional derivatives.
Theorem 1. Let ν : ∂D → C, |ν(ζ)| ≡ 1, and ϕ : ∂D → R be
measurable functions. Then there exist harmonic functions u : D → R such
that
lim
z→ζ
∂u
∂ν
(z) = ϕ(ζ) (6)
along any nontangential paths to a.e. point ζ ∈ ∂D.
Remark 1. We are able to say more in the case of Re n(ζ) · ν(ζ) > 0.
Indeed, the latter magnitude is a scalar product of n = n(ζ) and ν = ν(ζ)
interpreted as vectors in R2 and it has the geometric sense of projection of
the vector ν onto the inner normal n to ∂D at the point ζ. In view of (6),
since the limit ϕ(ζ) is finite, there is a finite limit u(ζ) of u(z) as z → ζ in
D along the straight line passing through the point ζ and being parallel to
the vector ν because along this line
u(z) = u(z0) −
1∫
0
∂u
∂ν
(z0 + τ(z − z0)) dτ . (7)
3Thus, at each point with condition (6), there is the directional derivative
∂u
∂ν
(ζ) := lim
t→0
u(ζ + t · ν)− u(ζ)
t
= ϕ(ζ) . (8)
In particular, in the case of the Neumann problem, Re n(ζ)·ν(ζ) ≡ 1 > 0
and we have by Theorem 1 and Remark 1 the following significant result.
Theorem 2. For each measurable function ϕ : ∂D → R, one can find
harmonic functions u : D→ R such that, at a.e. point ζ ∈ ∂D, there exist:
1) the finite radial limit
u(ζ) := lim
r→1
u(rζ) (9)
2) the normal derivative
∂u
∂n
(ζ) := lim
t→0
u(ζ + t · n)− u(ζ)
t
= ϕ(ζ) (10)
3) the nontangential limit
lim
z→ζ
∂u
∂n
(z) =
∂u
∂n
(ζ) (11)
where n = n(ζ) denotes the unit interior normal to ∂D at the point ζ.
Proof. To prove Theorem 1, let us show that the problem on directional
derivatives is equivalent to the corresponding Riemann-Hilbert problem.
Indeed, let u be a harmonic function u : D→ R satisfying the boundary
condition (6). Then the functions U = ux and V = −uy satisfy the system
of Cauchy-Riemann: Uy = −Vx and Ux = Vy in view of (1). Thus, the
function f = U + iV is analytic in D and along any nontangential path to
a.e. ζ ∈ ∂D
lim
z→ζ
Re ν(ζ) · f(z) = ϕ(ζ) (12)
that is equivalent to (6). Inversely, let f : D → C be an analytic func-
tion satisfying the boundary condition (12). Then any indefinite integral F
of f is also a single-valued analytic function in D and u = Re F is a har-
monic function satisfying the boundary condition (6) because the directional
derivative
∂u
∂ν
= Re ν · ∇u = Re ν · ∇u = (ν,∇u) (13)
is the scalar product of ν and the gradient ∇u interpreted as vectors in R2.
Thus, Theorem 1 is a direct consequence of Theorem 2.1 in [1] on the
Riemann-Hilbert problem with λ(ζ) = ν(ζ), ζ ∈ ∂D. 
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is proved perfectly similar to Theorem 1 but it is based on more general
Theorem 3.1 in [1].
Theorem 3. Let D be a domain in C bounded by a rectifiable Jordan
curve, ν : ∂D → C, |ν(ζ)| ≡ 1, and ϕ : ∂D → R be measurable functions
with respect to the natural parameter. Then there exist harmonic functions
u : D → R such that along any nontangential paths
lim
z→ζ
∂u
∂ν
(z) = ϕ(ζ) (14)
for a.e. point ζ ∈ ∂D with respect to the natural parameter.
Remark 2. Again we are able to say more in the case with Re n · ν > 0
where n = n(ζ) is the unit inner normal at a point ζ ∈ ∂D with a tangent
to ∂D. In view of (14), since the limit ϕ(ζ) is finite, there is a finite limit
u(ζ) of u(z) as z → ζ in D along the straight line passing through the point
ζ and being parallel to the vector ν because along this line, for z and z0 that
are close enough to ζ,
u(z) = u(z0) −
1∫
0
∂u
∂ν
(z0 + τ(z − z0)) dτ . (15)
Thus, at each point with the condition (14), there is the directional derivative
∂u
∂ν
(ζ) := lim
t→0
u(ζ + t · ν)− u(ζ)
t
= ϕ(ζ) . (16)
In particular, in the case of the Neumann problem, Re n(ζ)·ν(ζ) ≡ 1 > 0
and we have by Theorem 3 and Remark 2 the following significant result.
Here we also apply the well-known fact that any rectifiable curve has a
tangent a.e. with respect to the natural parameter.
Theorem 4. Let D be a domain in C bounded by a rectifiable Jordan
curve and ϕ : ∂D → R be a measurable function with respect to the natural
parameter. Then one can find harmonic functions u : D → R such that, at
a.e. point ζ ∈ ∂D with respect to the natural parameter, there exist:
1) the finite normal limit
u(ζ) := lim
z→ζ
u(z) (17)
2) the normal derivative
∂u
∂n
(ζ) := lim
t→0
u(ζ + t · n)− u(ζ)
t
= ϕ(ζ) (18)
53) the nontangential limit
lim
z→ζ
∂u
∂n
(z) =
∂u
∂n
(ζ) (19)
where n = n(ζ) denotes the unit interior normal to ∂D at the point ζ.
Note that here the tangent τ(s) to ∂D is measurable with respect to the
natural parameter s as the derivative dζ(s)/ds and, thus, the inner normal
n(s) to ∂D is also measurable with respect to the natural parameter.
Remark 3. Similarly, on the basis of Theorem 4.1 in [1], in the case of
arbitrary Jordan domains D in C, we are able to conclude that there exist
harmonic functions u : D → R for which the limit relation (14) holds in the
sense of the unique principal asymptotic value for a.e. ζ ∈ ∂D with respect
to the harmonic measure, see the corresponding definitions and comments
in [1], Section 4.
3 On the dimension of spaces of solutions
Finally, we have the following significant result.
Theorem 5. The spaces of harmonic functions in Theorems 1-4, being
nonclassical solutions of the problem on directional derivatives and the Neu-
mann problem, have the infinite dimension for any prescribed measurable
boundary data.
Proof. In view of the equivalence of the problem on the directional deriva-
tives to the corresponding Hilbert (Riemann-Hilbert) boundary value prob-
lem established under the proof of Theorem 1, the conclusion of Theorem 5
follows directly from Theorem 5.2 and Remark 5.2 in [1]. 
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